This paper focuses on the dynamical properties of delayed complex balanced systems. We first study the relationship between the stoichiometric compatibility classes of delayed and nondelayed systems. Using this relation we give another way to derive the existence of positive equilibrium in each stoichiometric compatibility class for delayed complex balanced systems. And if time delays are constant, the result can be generalized to weakly reversible networks. Also, by utilizing the Lyapunov-Krasovskii functional, we can obtain a long-time dynamical property about ω-limit set of the complex balanced system with constant time delays. An example is also provided to support our results.
many biological systems, so it can not be easily omitted. The time delay plays a vital role in both the analysis and applications of systems such as model reduction [14] and inducing gene switch [20] etc. To make the model more suitable for biological systems, it is essential to consider systems with time delays. Some efforts have been made to model and analyze the chemical reaction system with constant time delays by using the classical chain method in [19] . [16] first give the dynamical equation and extend some basic concepts about chemical reaction network with constant time delays, mainly including stoichiometric compatibility classes, Lyapunov function, etc.
[15] focuses on the complex balanced network with constant time delays and derives the uniqueness and the locally asymptotically stability of equilibrium relative to its stoichiometric compatibility classes. Aside from the stability, [13, 22] derive some sufficient conditions of systems with constant time delays. But constant time delays can not cover all time-delayed systems.
Recently, the kinetic system with distributed time delays is proposed in [17] . Furthermore, the dynamical equation and the result about the semistability of the complex balanced system with distributed time delays are given in [17] , respectively. This paper concentrate on the dynamical properties of delayed systems. Because the nondelayed system and the delayed system with the same network have the same stoichiometric subspace, we can find the relationship between the number of stoichiometric compatibility classes of these two kinds of systems by defining a map. Using the injection of this map we can conclude the existence of equilibrium and P is bijective in a complex balanced system with time delays.
And the existence of positive equilibrium in a weakly reversible network with constant time delays is also derived by adding a reaction chain. Particularly, we can also use the Lyapunov-Krasovskii functional to reveal that the ω-limit set can be the unique positive equilibrium or the set of boundary points. This paper is organized as follows: Section II gives preliminaries about the dynamical models of non-delayed and delayed mass-action systems. The relation between the stoichiometric compatibility classes of a delayed system is presented in Section III. Section IV investigates some dynamical properties in delayed complex balanced systems. Finally, a proper example is also offered to show our results in Section V.
2
Mathematical Notations:
Z n ≥0 : n-dimensional non-negative integer space.
) the set of non-negative, positive continuous functions defined on the interval (−τ, 0], respectively.
Ln(x) : Ln(x) (ln x 1 , · · · , ln x n ) , where x ∈ R n >0 .
0 n : A n-dimensional vector with each element to be zero.
x t (s) : x t (s) = x(t + s) for all s ∈ (−∞, 0]. 0 0 : The result is defined by 1.
Chemical Reaction Networks and Their Delayed Version
In this section, some basic concepts and results about CRNs and the corresponding delayed version are given, respectively.
Mass-action kinetic systems
Consider a CRN containing n chemical species, denoted by X 1 , X 2 ,...,X n , that take part in r chemical reactions with the k-th reaction R k (k = 1, ..., r) expressed as
where the non-negative integers y i,k and y i,k are the stoichiometric coefficient. Organize y k = (y 1,k , ..., y n,k ) and y k = (y 1,k , ..., y n,k ) , termed by complexes, then the stoichiometric subspace S of the network is defined by
If the mass-action kinetics is assigned to every reaction, then the reaction rate of R k will be evaluated by
where x j ∈ R ≥0 is the concentration of species X j ( j = 1, ..., n), x = (x 1 , ..., x n ) represents the state, and the positive real number κ k is the reaction rate constant. The dynamics of a mass-action kinetic system that captures the concentration evolution of each species is given bẏ
The integral of the above equation means that the solution x(t) with respect to some initial point x 0 ∈ R n ≥0 will always stay in a invariant set, termed by the non-negative stoichiometric compatibility class followingP
Let S ⊥ = {υ ∈ R n | υ y = 0 for all y ∈ S} denote the orthogonal complement of the stoichiometric subspace S. Then the stoichiometric compatibility classP + x 0 can be rewritten as
A positive vectorx ∈ R n >0 is called a positive equilibrium if it satisfies r k=1 κ kx y k (y k − y k ) = 0 in Eq. (3); andx is called a complex balanced equilibrium if for any complex η ∈ Z n ≥0 in the network it satisfies
If a mass-action kinetic system admits a complex balanced equilibrium, all of its equilibria are complex balanced. The kinetic system admitting a complex balanced equilibrium is called a complex balanced system. [11] proved that each non-negative stoichiometric compatibility class contains a unique complex balanced equilibrium for a complex balanced system.
Delayed mass-action kinetic systems
Inclusion of time delays in the reactions will not affect the properties related to the network structure, but just affect some properties related to the dynamics. A delayed mass-action system shares the same stoichiometric subspace and equilibrium with the corresponding mass-action system, but has different dynamics and non-negative stoichiometric compatibility class from the latter. Hangos and her coauthors [15, 16, 14] have made extensive studies on delayed mass-action systems, including the cases of constant time delays and distributed time delays.
Case I. Constant time delays [15, 16] . The dynamics of a mass-action system with constant time delays takesẋ
where τ k ≥ 0, 1 ≤ k ≤ r are constant time delays. Clearly, when τ k = 0 holds for 1 ≤ k ≤ r, the system (5) will reduce to (3). The non-negative stoichiometric compatibility class of θ ∈C + for this system (5) is given by
where the functional C υ :C + → R is defined by
LikeP + x 0 in (4), the current version still have a property of preserving a certain invariance. Case II. Distributed time delays [17] A more general case to model delay phenomena of mass-action systems is to consider distributed time delays instead of constant time delays. At this point, the dynamics takes the form oḟ
where τ > 0 is the maximum delay restricting each non-negative kernel function g k to follow 0 −τ g k (s)ds = 1 for k = 1, ..., r. The non-negative stoichiometric compatibility classes in this case takes the same expression of (6) but with C υ (ψ) given by
Clearly, Case I is a special one of Case II while the corresponding mass-action system can be thought as the special one of both cases.
From the viewpoint of dynamics, a mass-action with constant time delays may be approximated by a series of first-order consecutive reactions without time delays [16] . Specially, as an example of a delayed reaction like y k κ k ,τ k − −− → y k , it can be approximated by a reaction chain
where z k1 , ..., z kN are N imaginary intermediate products. Moreover, when N → +∞, the system induced by the network of (10) is dynamically equivalent to the original system with constant time delays. However, the chain method does not apply to approximating a system with distributed time delays. Thus, it can be a tool to find a new way for analyzing dynamical properties, such as the stoichiometric compatibility classes of mass-action systems with distributed time delays(See details of approximating network in [16] .
Quantification of stoichiometric compatibility classes in delayed mass-action systems
In this section the number of non-negative stoichiometric compatibility classes in a delayed mass-action system is quantified by referring to the corresponding mass-action system. In the context, when we mention a delayed mass-action system, it represents a mass-action system with constant time delays or distributed time delays.
For simplicity of notations, we denote a delayed mass-action system by N d , the correspond- 
is defined as follows:
(1) if s = n, P(D θ ) =P + x 0 for any θ ∈C + and x 0 ∈ R n ≥0 since both N and N d just have one non-negative stoichiometric compatibility class in this case;
(2) if s < n, for any θ ∈C + we define P(D θ ) =P + x 0 constrained by v i h(θ) = v i x 0 for all i = 1, · · · , n − s, i.e., they share the same conserved quantities.
Utilizing the defined project, we have the following result immediately.
Theorem 3.1. For a mass-action system N and its delayed version N d , the number of nonnegative stoichiometric compatibility classes in N d is no more than that in N.
Proof. The result will be true if the project in (11) is existing and also injective.
(1) As h(θ) ∈ R n ≥0 , by letting x 0 = h(θ), the existence of P is obvious from definition. (2) The injection of P is also obvious in the case of s = n. For s < n let D θ 1 , D θ 2 represent two different non-negative stoichiometric compatibility classes in N d . According to (7) or (9), the conserved quantities for D θ 1 , D θ 2 are v i h(θ 1 ) and v i h(θ 2 ), respectively, and moreover, v i h(θ 1 ) v i h(θ 2 ) (i = 1, ..., n − s). From Definition 1, we have v i x 1 v i x 2 . Therefore, P(D θ 1 ) =P + x 1 and P(D θ 2 ) =P + x 2 are two different stoichiometric compatility classes in N, which completes the proof. [6] reveals that each non-negative stoichiometric compatibility class in a weakly reversible mass-action system has at least one equilibrium. We extend this results to weakly reversible mass-action systems with constant time delays. Proof. D θ is the arbitrary non-negative stoichiometric compatibility class containing θ ∈C + . The approximating network of N d is denoted as N a . For θ ∈C + , we can find a corresponding For k = 1, ..., r and j = 1, ..., N, we obtain
Weakly reversible case study
N a is also a weakly reversible network with mass-action kinetics and without time delays. In this case, each non-negative stoichiometric compatibility class of N a contains at least one positive equilibrium [6] . When N → +∞, we can easily conclude thatθ is an equilibrium in D θ .
Remark 1. Above Theorem can derive the existence of the positive equilibrium for all the weakly reversible network with constant time delays. Thus the existence of the positive equilibrium for complex balanced system can also be obtained(The approximating system is also a complex balanced system).
As for the complex balanced system with distributed time delays, we can utilize the pigeonhole principle and Theorem 3.1 to derive the existence of equilibirum. Proof. The uniqueness of equilibrium in each stoichiometric compatibility class is already derived in [13] .
The second part devotes to obtain the existence of equilibrium in its stoichiometric compatibility class for delayed complex balanced system.
If s = n, the unique positive equilibrium ψ(s) =x, ∀s ∈ [−τ, 0] in N d can be found in the unique stoichiometric compatibility class in N d , wherex is the unique positive equilibrium in non-delayed system N.
If s < n, it is known that each stoichiometric compatibility class in N has only one positive equilibrium, so the number of positive equilibria and the number of stoichiometric compatibility classe for system N is equal to each other. Besides, these positive equilibria of system N are also the positive equilibria of delayed system N d . Each stoichiometric compatibility class have at most one positive equilibrium in N d . Using the pigeonhole principle and Theorem 3.1, the existence is directly derived.
From the above theorem, we can also obtain the following result:
For a complex balanced system with distributed time delay denoted as N d , the number of its stoichiometric compatibility classes is the same as that in N with same network.
Proof. From the proof of Theorem 4.2, the existence-uniqueness of positive equilibrium in distributed time-delayed system reveals that the number of stoichiometric compatibility classes in N is no more than that in N d . Then by employing Theorem 3.1, we obtain the result. Now we consider the long-term dynamical property of delayed systems. As a constant timedelayed system is a special case for a distributed time-delayed sytem. So we just need to consider distributed time-delayed systems. [17] give the Lyapunov function of distributed time-delayed systems which has the following form: V: C + → R ≥0 :
(13) can be used to prove the ω-limit set property of complex balanced system with distributed time delays in the following theorem. 
Proof.V(ψ) = 0 if and only ifψ is the unique positive equilibrium, thus other positive ψ can not be an ω-limit function. Now we claim that each trajectory in this system must be bounded.
Assume that there exists an initial data ψ 0 such that trajectory starting from ψ 0 trends to infinity.
From the defintion of V in (13) , lim t→+∞ V(x(t, ψ 0 )) = +∞. But V(ψ 0 ) is a constant. So it is obviously contradict toV ≤ 0. So it is clear that each trajectory can not trends to infinity as t → ∞.
By using the similar proof as Lemma 4.5 in [ [13] ], we can also obtain that ψ ∈ ∂C + in one ω-limit set must have the form:
Now we assume there exist one initial data ψ 0 ∈ D θ such that ω(ψ 0 ) contains bothψ and boundary pointsψ withψ i (s) = 0, s ∈ [−τ, 0] for some i. In this case, we can find two infinite sequences
Then this trajectory need to go across the compact region G = {ψ ∈ C + | 1 ≤ ψ −ψ ≤ 2 } for some proper positive constant 1 and 2 such that ψ −ψ > 2 . Owing to each trajectory of our system is bounded, from the continuity of theV, there must exist a positive number a satisfyingV(t) < −a when x(ψ 0 , t) ∈ G.
Next, we will consider the residence time in G. The right part of the dynamical equation (8) denoted as f (x(ψ 0 , t)), which is a continuous functional about trajectory x(ψ 0 , t), so f (x(ψ 0 , t)) is bounded and ∃ M 1 > 0 such that f (x(ψ 0 , t)) ≤ M 1 , ∀x(ψ 0 , t) ∈ G. Denote the time for the trajectory to enter into G at a certain time by t a and to leave G by t b , then we have
It follows that
This means that the trajectory will stay in G with he residence time t min = ( 2 − 1 )/M 1 . So the trajectory go across G one time, V decreases at least a * t min . V(ψ 0 ) is a constant, thus the trajectory can not go across region G for infinity times. This obviously contradicts to the assumption that ψ andψ are both in ω(ψ 0 ). From the above discussion, our result can be obtained. 10 
An example
This section illustrates the above analysis through an example. A delayed mass-action system takes 2X 1
For simplicity we assume k 1 = k 2 = 1, τ 2 = 0 and that τ 1 follows the uniform distribution with the density function
Then the dynamics of this system is written as:
x 1 (t) = x 1 (t)x 2 (t) + 0 −1
x 2 1 (t + s)ds − 2x 2 1 (t),
This system is a standard complex balanced delayed system, and the basis of S ⊥ is v = (1, 1) .
Theorem 4.2 tells us that the each stoichiometric compatibility class has only one equilibrium.
And Theorem 4.4 reveals that the ω-limit set of each trajectory can not contain both the positive equilibrium and boundary points. Then we study four trajectories in 1 with different initial data: initial data in (a),(b) ψ a , ψ b ∈ C + and initial data in (c),(d) are boundary points. And the trajectories in (a),(b),(c) trends to the unique equilibrium (x 1 = x 2 ) in its stoichiometric compatibility class, the trajectory (d) trends to the boundary point.
Conclusion
This paper gives the existence of positive equilibrium in weakly reversible networks with constant time delays and complex balanced systems with distributed time delays by using the chain method and the pigeonhole principle. By utilizing the Lyapunov-Krasovskii functional,
we study the property of ω-limit set of complex balanced systems. These results can enable us to better analyze biological systems with time delays. Also, these results are the foundation for further research on the persistence and global asymptotic stability of delayed systems.
